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VIBRATIONS OF ATRCRAFT WINGTYPH STRUCTURES -~ T

Summary

2 new method for the analysis bf vibrations of swept
box-beems, representative of low aspect ratio swept wings,
has been presénted. The root part of the wing is idealised
using plane stress triangular'eleﬁents, whereas the out board
part is idealised using thin-walled beam elements., Proper
matching of both the regions is achisved through the intro-
duction of a special element called 'Junction element'.

The feasibility of the scheme is confirmed, through numerical
experiments, on a simple example of 2 cantilevered rectan-

gular unswept box beam.



1. Intrnduction

W2 mean by aircraft wing-type structures, hollow beams
with single or multi-cell, closed or open cross-section,
These are characterised by the feature thet deformations
in the plane of cross section are negligible. Conventio-
nal aircraft wings with spers, ribs ... etc,, vertical or
horizontal tails, control surfaces such as elevator, rudder,

alleron are a few examples,

For the analysis of these structures classical theory
of beems is inadequate., Whereas the use of plate or shell
theories will be too complicated. Thus there has been a2
need to introduce a theory intermediate between the two
extreme situations-beam theory on one hand and shell theory
oh the other., Bassad on the fact that the construction of
wing structures (i.e.. the presence of ribs) 1is such that
the deformations in the plane of the cross-section are
negligible and a2t the ssme time, the out of plane deforma-
tions are significant, the famous assumption of "closely
Spacéd rigid diaphragm" or CSRD has been introduced. Making
use of thie assumption a theory has been develdped in middle
forties for static analysis of wings [1-6] . This theory
has been referred to, in the literature, as thin-walled
beam theory, or refined beam theory or tube thgory. In

this report this shall be raferred to. as thin-walled bean



theory. %This theory has proved to be very useful for the
analysis of several stressing situations in wings. Utilizing
this thecry several data sheets have also been prepared O0b

for dAirect use in the dssign offices of aircraft factories,

~ Work on vibration analysis of airecraft structures has
started in early fifties, 7With increased use of short
aspect ratio wings in aircraft, the need to use refined beam
theories for their vibration anslysis has increased. 1In
middle sixties, the‘principal investigator and Joga Rao
have Aeveloped a generalised theory for vibration snalysis
of cylindricel wings {10, 11} . TIater, it was generalised
to consider general wing configuration [iE, 13] + Since
middle sixties, the developments in the finite element
theory began influencing the approach for the analysis
of wings. In view of the inherent advantages of the
finite element method for high speed numerical computation
and its suitability for complex structures, such as wings,
to-day, the position appears to be that the finite element
theory completely took over the analysis of wings. The
conventional finite element approach for wing analysis
consists of idealising the wing as an assemblage of a
single type two dimensional elements, such as plane stress
triangular elements or trianguler plate bending elements,

for penels and line elements for stiffeners (see ig.1l) .



in examination of the behaviour of a typical wing, such
=8 » short aspect ratio swept wing shown in Figure4., indi-
cates that the out board part of the wing behaves 1like 2
thin-walled beam, whersas near the root the stressing pattern
is wvery complicated, Therefore, it will be advantageous, in
the finite element scheme, to use eléments bQSei 5n thin-
walled beam theory in the out-bnard part of the wing and

use conventional finite element idealisation near root portionm.

Adaptation of such an approach involves two types of
nodes., One type, with a certain Aegrees of nodal freedoms,
in the root portion, a2nd, a differenﬁ type, with a different
set of nodal freedoms, in the oﬁt board portion, This
presents a problem of matching of both these regions. %his
is overcome, here, by the introductioﬁ'ofian interface
region called junction element, This 1s essentially a large
special element, with both the types of noles on appropriate
boundaries of the elements, facilitating smooth matching

of both the regions,

In this report, the wing is 1dealised as a swept box
of trepezoldal cross-section, Following the.above mentioned
approach, a finite element scheme has been formulated for
the vibration analysis, and computer program has been

preparatad in FORTRAN-IV,



It is proposed to test and confirm the scheme step bv
step. As a first step, a rectangular unswept cantilevered
box-beam, which is amenable for analysis by thin-walled beam
theory itself, has been chosen for numerical work, WNatural
frequencies obtained by the !'junction element' method are
compared with those obtained using thin-walled beam elements
only. The agreement between them ié found to be good, thus
confirming the feasibility of the junction element scheme.



Notation

e

U, V,w

U,V

S A

e "9

0 W& Al

"

.9

e .9

frea of cross section
Young's modulus
Rigidity modulus

ILowest moment of inertia of cross section

Tength of the wing

Strain energy
Circumferential co-ordinate
Wall thickness of the wing
Kinetic energy

Displacement of sny point iIn the wing in

local co-oriinates

Displacement of any point in the wing in

global coxordinates

Displacements of any pnint on the centroidal
axis of the wing

Warping function
Taper ratios
Direct strains
Shearing strains

Rotation of the eross-section

Non-dimensional fraquency paremeter (Pundamental)
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Mass density

Poisson's ratio

Non-dimensional length along the element
Direct stresses

Shearing stress

Rlasticity matrix
Matrix of d1fferential operators
Matrix of shape functions

Blement stiffness matrix with reference to

nodal displacement vector, 3

Element mass matrix with reference to nodal

displacement vector, 3

Displacement transformation matrix connecting

local and global co-ordinates

Vector of displacements at any point in the

wing in local co-ordinates
Vector of nodal Aisplacements in local co-ordinates.
Vector of .strains

Vactor of displacements at any point in the

wing in global co-ordinates



Metrix of direction consines

Vector of stresses

-«
v
*®

-0

Denotes diogonal matrix

[V Y

Denotes column matrix
sS ¢+ Denntes Aifferentiation with reference to s

R), (J), (0)

These super-scripts represent, respectively,
the Root portion, the Junction portion and

Out board portion,



. Basic elements

In the finite element idealisation of the swept boxes,

hree types of slements are used,

1. A triangular panel element,
2, & thin-walled box beam element,
3. £ '"junction element'.

‘hese are presented below:

>.1. Lriangular pagel eloment

One of the most versatile elements available in 1lite-
rature 1s the well-known constant stress triangle(la). This
~lement will be used here for the idealisation of the root
hart of the wings., Derivation of the relavant element
natrices, although available in literature, 1is reproduced

here for the sake of completeness,

2.1.1, Theoretical basis

The panel is considered to be in a state of plane stress

(see FPigure 2a)., The state of stress {;(R)g y strain %?(R)%
and displacement £§R)§ at any point in the panel can be
described by

i"(mﬁ = 3050 7y axyg (1)



* {B(R?} "{Sx’ €y exy} (2)
{'\‘A(R)} = iu, vg (3)

The material is assumed to obey Hooke's law and the Aefor-
mations are considered to be small, The stress strain and

the strain-displacement relations are

r
| %v“"}= Dca)‘1 58(3)} (4)
C
(R _ {,(R) (R)
¢ 1 '{A (5)
where r 1 v 0 N
D(R) — B i
A 1-9%) o L L
=
, 2 o |
3%
(R} _ <2
. 0 7 | (7)
|57 9% |

® Tn plane stress problems €, # 0 but is Adeterminate

= P
in terms of € and €_ as, € (Gx + Gy) and

y z
hence not included in the strain vector,
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" 2.,1.2, Element stiffness g-md‘ mass matrices

I typical triangular elament along with the coordinate
system is shown in Figure 2.(b). The Aisplacement shape
functions in the element, Aefined by the equation

{A(R)S _ [N(m] 556@0% -

are Nl 0 N2 0 N3 0 ]
[N(R)} i 2p§23” |
[ 0 Ny O Ny O Na
(9)
where
Ny = Vg (x=%5) - x35(y-7p)
Ng = = ¥qp(x-x3) + xsl(&-y3)
Ng = Yop(x-%;) - %59 (¥-¥;)
2h123 | Xy Vo1 = Xo3 Va2
Xy 4 =Xy - Xy Yy =¥y -y : (10)

and ;‘b(R)é is the vector element Aisplacements given by

{5(3% = ;‘11 V] Uy Yy Uy "3‘ (1D
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Tollowing the standarA procedure, the stiffness lkgH)Iand

-
1SS ,mb )f matrices with respect to {6(R)§

— —

can he Aetermineqd

- *7 "~ i -
] } <R)J (R)
if% ~! B h?&n + Kys (12)

R)_ Et y2
. oy 32
48154 (1-v7)

m
-Vy, X x2 S '
32 X33 Xqo ymmetric

2
V32 Y31 VX35 ¥4y Y31

2
Wag X33 =x5 X31 “Wa1 Xgp Xgp
) 2
Y32 Yoq V3o Yoq ~Y31 Yoq VE31Y29¥21
“VWa2 Xo1 Xgp X5 V¥31 X507 "‘31"21
: 2
| ~Woi1 %91 Xoq

(13a)
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X320
2
~X32¥32  Vao

' 2
| -x32X31 yé2x31 X31 Symmetric

| | 2
X32Y31 =Xgo¥ay ~%31Y31 Va3
‘xszle V32%e1 ~X31%y Y31%21 %5q

- 4 | 2
*32Y21 Ya¥917n1%g1 V0 “V31%21 ~Xp1¥py Vg

i

(13b) "

where (xl,yl) ’ (xg, Y5) and (x55 ¥3) are coordinates of

the points Py @y ry in the cooriinate system Py 2S

LTV EE =0

=4
Y2 7 %pq
Xq = dpt
V3 = dg,

dpq--are defined in equetions (17), (19) anAa (20).

-
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(14)

For assembling the element matrices, it will be conven-
ient to convert element matrices with respect to the Aatum

e (R)

coordinates defined as (see Figure 2)

U‘R’} = {Ul Uz U3 --- UF% 58

where Uqs U2, === Uy are displacements of vertices ;’1n

datum coordinates. The relationship batwenn{ﬂ(m ~and

l

{b(R)S systems of coordinates can be worked out as follows-

In Figure 2(b) OXYZ system forms the referance or the
global Cartesian system of coordinates, With refex;ence

to this the vertices of the triangle pqr are
q = alxy vy, z,)

T =r(x., V., 2. o (18)
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DXy cmsistitutes the local coordinste system. px axis
colncides with the side pq and Py axis is taken normal to
' pq at p,

are calculateq using their respective global coordinates,

the direction cosines of the edge pg anA Airaction casines

of the normal to Pq. i.e., the Airection tr,

The direction cosines of -pq ares

X
1 =
pq '55'2
y
g = T

m -
pq
Z
n =
pQ: pa
2 2 2 ,1/2
= ( + + 17
and dpq (xqp yﬁp qu) (17)

The direction cosines of tr can be shown to be [?é}

X <1 d

t
1 2—297_@_&
tr “tr
V.. - d -
m, =-—1‘L_d_.gg._Lt (18)
r tr

z {
r t
n - —-E_TM
tr tr
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wwhere
= 1 g en 2z )° (19)
pt pqd TP pq “TP pqa ‘TDP
2 2 2 2.,1/2
Agp = pp ¥ Ypp ¥ Zpp ” At (20)

Using above, the relationship between zb(R{E and‘gﬂcﬁ?%

systems may be written as

{b(m% - 1a] {ﬂ(mg (21)
where [x] = rx$t£] 0 0 —1

R i [xp q] 0 0
1 0 [?té] 0

%‘ 0 E‘p q] o | (22) |
{o 0 g | ’
0 0 [ )‘pcﬁ
| | 3
with [xtr] = (1, Tar n,cr'_{ (23)
E‘pq:\ - {lﬁg Bog npq] | (24)

and '0' indicates null row matrix of order 3.
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Using_[}] y the stiffness {;éaii and mass {égR{} matrices
" with reference to{-ﬂ(m} syzstem  of element coordinates

become

- ) -
B N I I TN (26)
:ﬁgm’] [xf {ngE [x] - (26)

2.2, Ihin-walled Dbox beam element

1]

2.2.1., Theoretical basis

A thin walled beam is a hollow beamn, with one or more
cells, closed or open. The length of the beam is much larger
than the cross-sectional dimensions. The walls of the beam=
are thin, The out board part of the wing, for examnle the
region EFGH in Figure 4a, can be considered as a thin-walled
box-beam, For vibration analysis of such structural compo-
nents, a general theory has been Aeveloped in Ref, é?-lq}'.
The essential parts of this theory s applied to a single
cell box beam, which are used later in the Aevelopment of th
Box-beam element, are repeated here for the sake of

completeness,

The principal assumption in this theory is thet the
cross-sectional shape 1is maintained through a system of

closely spaced rigid and massless Aiaphrarms, With this






on and W is the warping function 2880
jon of the c oss-~sections Py P and Pg
s of 2. 1n view of this cholcey the
cribing the aisp? acemen f£ield
vO’ 0? ¢x1 ¢Y$ ?s@’s (35)
1acemen’c relation pecomes
(36)

K . K
e e =2
iz Az
aw & -
° (p"ﬁ?)iz'x,s‘y,s v,
(3
7)_&13 and % A(O) are relater'\ as
- (o)
a-l ;%
wheTe 1 0 -Y 0 N 0
‘fﬂ = |0 1T 0 0 0
a_ a a -
_m - ﬁ -X -Y. -W
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232.2.'Elgmgnt stiffness and mass matrices

!

2 typicel slement, along with the olement nodal Afsnlece-
ments, is shown in Figure 3, The vector of element nndal

displacements 1s taken as

(o;} )
2@ B %Uol Uol,z Vo1 vol,z 5 0'1,z§
| | ! | |
7. By Py Py '; Usgs ==== Byo ?g (40)

The displacement field is chosen as

J4% - [x] ACH s
{0

where h =

[(0)] R ""
NP}={m B 0000000 HHOOOOOOO

0 O Hi Hé 0 0 0 0 O 0 0 Hé H, O 0 0 O O
0 0 0 O H1 Hé 0 00 0 o0 0 O H3 H4 0 0 O
0O 0 0 O O O Fq 0 O 0 0 0 0 0 Fo0 O O

0 O 0 0 0 0 O Fl 0 0 0 0 0 0 0 Fy, 0 O

0 O 0 0 0 0 0 O Fq 0o 0 0 06 00 0 0 F

’ 2
| SOV, —_
| (42)
where Hy = 1 - 3E2 +2¢°
H, = € - 260 + £°
= ar2 o3

.
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=
1l

)
]

~

Fy = € (43)

0)
Tor convenience the Aifferentiasl operzator matrix L( ‘

is written as

)] - p - by |
[L :\ = [agj d.lJ + Laa} i (44)
-y "'W -X =Y -;
(45)
o 0 0
rg{J =" ,22 ,3%% ,2Z ,Z ,Z ’f_j (46)
o 0 0 0 0 0
1 o=l . : - | @
(2] 0 0 (pw ) ~EX <Y W
!
raz = 0 0 ,3 1 1 1 (48)
A 4
(49)
(50)

(51)
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ain ener?y in the olemen®

we31izing cquation (49) the stTa

pecomes
g = 1/2 {e )3 D g ze av
. 4 | |
mg
Pom | T (0% (53)
' : o) } 5
w2 <=1/ zb(o% X}( ﬂ SL
(”(0{} 4s the glemen nt stiffncss matrix and 18 obtained as
| (B4)
erg Z;, (OXX {; J ‘E%;X
]
[ 1 [l KX { ‘X At (55)
(56)

e ] AR

C
oss—sectional

‘bi} and ‘?é} are matrices of cT
X ;%tained as
e o = pld Bl
s _
| ’ (5%

5] =
constants,

(57

'z
92
S0 | [c E‘j G:aj s
174 o 2 3
Se

> 12, - terms of the

(3. . la Fhese matrices are glven in pppeniix Adn
e e cross-eection.



the
thus facilita.

+ Detafls o Aeved
g2iven belony

‘@ Specific finite element 1dealisation.

2-3010 'J ct n R

ant! st;ffgess and mass natrices
Figureslﬁ(b)

» Consiﬂerjnz

elementgs it has
= root side anAd
Rach node hgs three Aeg

€Ss matrix [é(%ij
Size (84 x 84) .,
Cements In the domain

28 nodes alltogether,

14 nn the
outbogrq Side,

r2es of freeﬂom. The

for the domain tgv will

?lg sy the vector ¢lohs
'Jr 3s written ¢

221} =g {?IE :: 291I§§ (71)

§91§ =§Ul Y1 Uy Ly v

1 Aispla-

ociateq with the

ibmain tor Q@;e Figures 4(b) . 4(e)
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50(L))
{8 ,8 ‘)uz. Y,z Y byz O O, A, Pon Poy § (74)
. )
Since the nodes 15 4 24 in the Aomain ‘T’ Join the nede p ip
Aomain Oy there is a r@lﬂfimn-ship betwsan {9 and Q(A{§
and this may he written sg - |
Ia - T T ._.i‘ ]
¥l = ;‘U:Ls A
Ly | i
A4 -
! 15 [(x15’ % _] Y,
' I
i ! ) l
; ! !
U28 ! / ﬁvA
fvx g L A
L28 ! [F{XZ‘P!:fZ -~ 7 *
‘here [%(xi, yi) is the relations ip betwnen the nodal
1splacements of the 1th node in Anmain 'J'y and that o the
ode in Aomain tor,
Sing equation (38) this can be written as
— -
here - —
[c]=]1 o R R
0 0 I 0 xi 0 0 N 0
0 -x; 1 -yy 0 w(xi,yi)~xi-yi = W(Xy,yy)
——f
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Thys 2

?IE may he "ritten as

75} = g {"z§ /; g ?II% =E(Jﬂ % g,'lg 9“6{: Qﬂ{gmj |

Lkt

(78)
Wherg —
: |
=] - g @
|
: &ﬂ |

- (79)
[c]
with[j]as the 24, 4.

Mee JL/L":J(
The Stiffness matrix of tpe domain tg+ with respaet to Ais-
Placement Vector ?(J) becomgé

(80)
)
Similarly the assembleq mass matrix with Tespect tq 9(J
12y be written 55
. T [(12] 3 |

&(J)] ) [;(Jﬂ LA B J (81)
It may pe noteqd herelk(J1§ andLM({ij are singular with
Tespect to the degr i

. waever, when
Ssembleq, these Yepmane .
reedom of faw .



[ BOR @(R)J&(Rﬂ

where Et(ﬁ)] 1s the 41g

placementtransformation matrix
relating local

and globa] coordinﬁtes in the Pegion tRy
Similarly the assemblzq mass anA siiffness matrices in the
outho.rq Tegion are written ag

=1 =
e, 38
] I
o_ h{\’
Q o
V‘ ‘ \-/’ !
] =2
w’\ E’\
o o
K= y<,
=) o
L= 1=

here [;(O;] Is the dis

elating local

(86)

=
=
I
=
L
]
=
=
2

(87)



‘where A

(88)
L K(?i
I— _
[M] - [M(Rﬂ ]
M(J) | (89)
L )
and a i1s tpe disnlacemeném;ransformation matrix Asfineq
as [ N
{?(R)g
SRR
(0)
éy §.J

'where {?é, is the wector of glohal coords

nates for whole
wing, The kinetic

and strainp energies for the whola

wing are of the fornm
=172 §8* [x] 5% | '
=1/2 o {i§" Do .

Using the stationary property of

(91)

¥ (992)

[ ]{ % - M{?g =0 (93)

"TPOM whirlh ~a



nurpqse comnuter
PTOBTam was written 4n FORTRAN-

IV to comnute
the natural frequencies and nm

ode shapes of a swept anAq taneraq

beam using plane stress triangular elements in the root

portion,
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A thin walleq Cantileve
'dimansions

Length 7, = l4an
Breadth g = 48"

Depth 1p = 12n

Wall thickness t =o0,1"

¢nd with the material Properties

Young's modulus ®» = 2.9 x 107 psi,

ngidity modulus ¢ = 107 psi,

The resulting eigenvalue proble
an iteration technique.

cam element developed here includes the effect of trensverse

hear and rotary inertia, whereas,

these effscts are not
1¢luded in the

classical Slender beam theory,

In the
‘oblem considereq L/D ratio 1is about 11,8, hence

y these
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‘effects are significant, 7he Aeviation between the results
of the slendep beam theory and the present analysis 1s an
indication of the extent of influence of the latter effects,

Table 2 presents the convergence trend,

Same problem is also investigateq using the ' Junction
element! method, WNear the fixed end 96 triangular elements
are used, 1In the outboard portion 5 thin walled beanm
elements in one study and 8 elements 1in 5 second stuly,
are used, Both the regions are connected through 2 junctﬁon
element, The finite element idealisation of the thin-walleq
beam is shown in Figure @, mTgple 3 prasents the results,
Since the problem considered 1s a straight box-beam the
results by thin-walleq beam elements can be considereq s
reasonably accurate, and the results by the Junction a2lement

agree well with these results,
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Table 1. Fundamental Frequency Parameters - Using Thin-walled

Beam BElements, ‘ o 4
Cl)o IJ 95 A

© BT

Taper Ratio Fundamental Frequency

e e n Lt DL parameter
t !
e - S
¥
o - 0 8,43
(12.3627)
0.1 © 8.63"
‘ +
0 0.1 10,92
v -+
0.1 12,76

* 11 Blement Solution,
Values in the parantheses from elementary theorv
of bending vibrations,

+ 15 element sblution.

oft
B

R Bl

B =

B ¢ Root Aimension

T ¢ Tip Aimension



f:ble 2. Convergence using thin walled beam elements

No. of Size of Fundamental ?requency
Mlements dynamical narcmeter
Matrix A
e —————— o e e D i e
5 45 145,66
6 54 78.72
7 63 43,92
8 72 26,92
9 81 17.6
10 90 11,94

11 929 8.43

38
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Table 3. Fundamental Freguency Parameter bvw§ge_f;unctiog
Blement! Method.

S1l.No. IdealiSation Fuhdamental
Frequency
parametsr A\

1 96 Triangular
Tlements

+1 Junction
Blement

+5 Thin-walled
beam elements

* Jsing 11 thin walled beam elements,
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FiG. 7. DETAILS OF A TYPICAL CROSS-SECTION
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APPENDIX - £

Ma’triges C, » Cg and C, given in equations (57, 58 and &9)

A.1 Matrix “c":l

o

[I; 3x3 EO] SXI]
LE ;J 3x3 | [I;_ 3x3

12

) -

where [IO:‘ is the symmetric matrix,

s

Ixx Symmetric
kS T

The expressions for elements of [Io] are given below,

T . -
\E[XXJ— é;)x‘ztds = t| =xg (sl+sz) + X7, (534—34) -

;R cos B. sg - ;L cos o , SZ + 1/3(c052 e . sg +

2 3
cos o 54)



e g[_‘

= ca‘xy tds = ¢ [(ylx-_ Sq + yzxﬁ.:s2 - V1L Sq + YUX‘LS4)

I
Xy <

{ - 2 - . 2 -
+ 1/2{(:;&51 + (XR sin B - Vo cos B) So + X, Sq

" - ' 3
(x1, sin o + yyg ©OS o) Si%-i— 1/3{- sin g cos 8 Sg +

03
sin o COS of s4§

—en
2 s)

) 2 2 2 - .
T = ({;y td5=t\‘(ylsl+372 SZ+YL839+YU A

wWoos

#
+{y1s§+y2 sin g .5 - Vg SIn T a

’ 2 3 3 2
+ 1/3 si + sin” .Sp ¥ °3 + sin °‘-.S4§,

%yi;r tds = ¥ \(;R:'-Tlsl + Xp¥oSp = X ¥aS3 ~ X154
s

Tew ~

v 3 )g + 1/3{- x" cos 5,52

+(‘1;4COSo(—k X1,

)

3
+ kIv cos o ség



3

'I—: N -
iij [(ylllJ'Yszz*YLWsa

- YU 4 4) * 1/?{ * ylk' ) S?_ + (;;25 in & + sz“) Sg
- = 2 4 (W, si - IV, 2
. My - WB) Sq + (W4 sin o - YUk ) s;%

3 3 3 v
+ 1/3% k' sq * k" sin ? So - k" sq * k1 sin °"52§

ww = tds = t | (w3 Sq * 2 s, 4+ Wa Sq t 7 s,)
A 171 2 72 373 4 A

2 2
+1/3 12 si £ e sg + " s% K S4§l

pe2, Matrix {6;&

bl oxe [0)oxa
| c‘\ = |
[ - | L[O] 4%2 [Slixa

where [d\ indicates Null-matrix and [ is the symmetric

matrix whose elements are given below.
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L /4

' | a 2 - X" s
(( ) . 2 - k! s + (pJ
"1 & 2

V.2 g .
2 - k) S
+ (p3 - k“‘) 33 + (p4 4

A !

S - tds = - ¢ (p - ¥").cos
(p )( ) 3

12 6} B.S

v v 8
+ (py - k) cos . ‘4§

aw dz) taqs = - t (pl - % 1
== Yo-3Gs
513 4
v .
’ Ms, + (p,~k ysin 4.8y
+ (pz-k")Sin B.So + (p3 k‘)s3 4
| T ' - k")k's
= - gg(p - )( ) — ’)
Sl4 5 E

v
s+ (p -k )k
+ (pz-k")k“sz + (pg-k'S3 4

— 2 )
\ 2 2 e

%)% tas = t{(cos G5y * O .

Sgo = das

22 ‘é |

qs . in o ,cOS Faof
' cos B So + S
J;dx Ay +q5 =t (- sin B
= $3s - as
S

a. + kIv cos d.s4)

— o, at A~ RS



L/5

- ay, 2
Saz ~ 2505§) tds =t (sq ¥ sin2 B.So *+ Sa + sin2 d,s4)
S = QX d-V-f tds =t ('k's + k" sin g s __ k"' s
34 ds * as 1 ' o 3
+ kIv sin o 34)
_ aw, 2 _ 2 o n?
344 i%(ag) tds =t (k' Sp + K" sy * ¥ Sq
2
Al Sy}

£.3. The Matrix ica"

[Hlaxs EﬂBxB

] - -

L_[d]BXB [QJ3x3

T he elements of H matrix are given under:

H22= SEtds=(2B+D+d) t

Hll = 5
H13 = - fy tds = - t %Y]_S]_ + YoS9 + ¥1%3 - Yu°s

2 2, .2 gin B + Si sin d)é
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k', K", " end kIV ¢ Constants used in warp expressions (given
in Aprendix - B).

y; = (tan o - Vi)

Y2=S;L"Bt3n5

P1s Pgs Pg anA Dy Length of the perpendiqular from the oricin
to the side of the cross-section (for

expressions see Eppendix - B).

;L’;H’§ﬁ and ;i Distance of centre of eravity (oriegin)
from the sidas of the cross-section

(see Ficure 7 and 2pneniix - B).



vhere

k'

k"

k" [}

with k =

H

i

yq, cos o - (B-xy) sin «

XL

(D-;L) cos o = (B = SZQ) sin o

B(D + 24)
3(D+])

B - X3

B/2



B/3

=2

' £ B ton o (
- :fpgfifgg_ﬁ + d(B tan g + 4/2) + E_Egﬁ_ﬁ (B tan 8 + d + ___g...s

(B tan o + B tan g 2d)

5t = (D + d + B/cos o + B/cos 1)

L= 20+ .
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